Abstract-A method is developed to compute the zeros of a quaternion polynomial with all terms of the form ok Xk. This method is based essentially in Niven's algorithm (11, which consists of dividing the polynomial by a characteristic polynomial associated to a zero. The information about the trace and the norm of the zero is obtained by an original idea which requires the companion matrix associated to the polynomial. The companion matrix is represented by a matrix with complex entries. Three numerical examples using Mathematics 2.2 version are given.
INTRODUCTION
Concerning the unilateral quaternion polynomials, the problem of counting the number of zeros is well studied by several authors [l-5] . The only reference which gives an explicit way to compute the zeros is Niven's [l] . He arrives at a very simple and neat formula which only depends on two parameters (besides the coefficients of the quaternion polynomial). But Niven's method to obtain these parameters turned, as he said, the algorithm into an unpractical one. Our aim is to show an alternative way to obtain these parameters to apply Niven's formula and make this algorithm practical.
We begin in this section with the definitions of quaternions and quaternion polynomials. In Section 2, we present Niven's algorithm. In Section 3, the definition of similarity is given and some known results concerning quaternion matrices are presented. In Section 4, we define the quaternion companion matrix and present new results which lead, in Section 5, to the proposed tMember of the Centro de Matematica da UBI, Covilha, Portugal. tMember of the I&R.-Polo de Coimbra, Coimbra, Portugal. in the quaternion indeterminate x.
DEFINITION 3. Given a quaternion polynomial p(x), we say that X is a zero if p(X) = 0.
The fundamental theorem of algebra over the algebra of real quaternions was first considered by Eilenberg and Niven [1, 7] . They proved that every quaternion polynomial has at least one zero in W. Later on, Beck [2] proved that if the number of zeros of a polynomial of degree m is finite, then there are exactly m zeros counting possible repetition. 
NIVEN'S ALGORITHM
where f and g are polynomials in t, n, and qi. The nature of Q(x) does not interest us, because if q is a zero of p(x), then substituting in (2) where q, t, and n satisfy If f # 0, then, paying algorithm, the formula 0 = f(qi,t,n)q+g(qi,t,n),
(1).
attention to the noncommutativity, we get, in the final step of Niven's
One can write the last equation as l-4 = -fT fg.
Conjugating q, we have since the conjugate of the product is the product of the conjugates in the reversed order. By multiplication and addition of (4) and (5) These equations may be written in the form N(t,n) =nTf-gg=O and
Niven proved that every real solution of these two equations gives the trace and the norm of the solutions of the polynomial equation p(x) = 0, and vice-versa. A problem arising in Niven's method is that computing the trace and the norm using (6) is not very practical, since it involves the simultaneous solving of two real equations of degree 2m -1. We use a new approach to overcome this problem. For that, we need some known results about quaternion matrices. The relation N is an equivalence relation on the quaternions. We denote by [x] the equivalence class containing x or simply the class containing 2.
EQUIVALENCE CLASSES OF QUATERNIONS
The next result is very important as it relates any quaternion to an equivalence class generated by a special quaternion isomorphic to a complex number with nonnegative imaginary part. The notion of eigenvalue is slightly different in lHl since the scalar multiplication is not commutative. ' Niven called this relation a right-division algorithm. It can easily be proved that it is valid for every quaternion polynomial (Definition 2). We are now ready to introduce our results.
THE QUATERNION COMPANION MATRIX
The quaternion companion matrix gives us the needed information about the trace and norm of the zeros, in order to apply Niven's algorithm (3) in a very practical way, as presented in Section 5. 
and the left eigenvalue X is a zero of the polynomial p(z). (ii) Let X be a left eigenvalue of the companion matrix associated with the polynomial p(x) = Zm+xm-l+.. . + qo. Then we choose ~11 = 1, and by (8) -20
So, we conclude that C,v = VA and X is also a right eigenvalue.
I
With this theory, we can obtain the following result, which is a corollary of the fundamental theorem of algebra in W for polynomials as considered in Definition 3.
PROPOSITION 2. Ifp(x) is a quaternion polynomial of degree m, then the set of zeros belongs to at most m equivalence classes of quaternions.
PROOF. Let us consider a polynomial of degree m, p(x) = Yn + qm_-lxm-l + . + q,], qz E JHI.
The companion matrix associated to this polynomial is of order m x 772, and by Theorem 2, has exactly m right complex eigenvalues. Suppose X is such an eigenvalue. Then, we have the relation C,v = VA, and following the proof of Proposition 1, we obtain a similar relation to ( (3) Thus, for each right complex eigenvalue, there exists at least one similar quaternion which is a left eigenvalue. By Proposition 1, it is also a zero of p(x). Since there exist only m right complex eigenvalues, we conclude that the zeros must belong to no more than m different equivalent classes of quaternions. I
THE METHOD
The method consists in applying Niven's formula 1
with the trace t and the norm n obtained through the eigenvalues of the companion matrix.
In Proposition 2, we have shown that the zeros of a polynomial of degree m belong at most to m different classes of equivalence and that these classes are generated by m nonnegative complex eigenvalues of the corresponding companion matrix. Hence, by Theorem 1, we can obtain from these m eigenvalues, the traces and the norms of the zeros. In Niven's algorithm, after the process of division, it might happen that f vanishes for a particular pair (t, n). In this case, g vanishes too (cf.
[l]). W e cannot apply formula (10). For this, we have the following result.
PROPOSITION 3. If f (qi, t, n) and g(qi, t, n) vanish for a particular pair (t, n), then all quaternions belonging to the class [t/2 + id-1 are zeros of the polynomial p(x).
PROOF. Suppose f(qi, t, n) and g(qi, t, n) vanish for a particular pair (t, n). Then p(x) = q(x) (x" -tx + 72) .
Let x1 be the zero corresponding to such pair. Then
Consider a quaternion x2 = ax1g-l similar to x1. Then hence, x2 is also a zero. As we considered an arbitrary U, we conclude that all quaternions similar to x1 are roots of the polynomial equation p(z) = 0. If x1 = a0 +ali+azj+ask, then t = 2~0 and n = ug +a: +a; + ug. Or, writing in another way, 
NUMERICAL EXAMPLES
We consider three polynomials: the first having finite many zeros and the other two with infinite many zeros, one with quaternion coefficients and the other with real coefficients. EXAMPLE 1. Let us consider the polynomial p(x) = x1' + (1 + 2i-4j)xg -(3.li + k)zs + (2.5j+2.lk) x7 + (3 -i) x6 -1.7x5 -(i + j)x4 -7.2x3 -j x + 2.9(j -k) -4.
The eigenvalues of the (bottom) companion matrix are presented in Table 1 . Substituting the values of the trace and the norm of each eigenvalue in obtain the zeros shown in Table 2 .
EXAMPLE 2. Let us now consider the polynomial Niven's algorithm, we P(X) = z6 + (i + 3k)z5 + (3 + j)x4 + (5i + 15k)z3 + (-4 + 5j)x2 + (6i + 18k)s -12 + 6j.
The eigenvalues of the (bottom) companion matrix are shown in Table 3 . [ 1 x4 = -0.6i -0.8k. EXAMPLE 3. Let us consider a polynomial with real coefficients p(x) = x4 + 2x3 + 5x2 + 8x + 12.
The eigenvalues of the (bottom) companion matrix are shown in Table 4 .
